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Abstract
We identify the eective string scale of noncommutative Yang-Mills theory (NCYM)
with the noncommutativity scale through its dual supergravity description. We argue
that Newton's force law may be obtained with 4 dimensional NCYM with maximal
SUSY. It provides a nonperturbative compactication mechanism of IIB matrix model.
We can associate NCYM with the von Neumann lattice by the bi-local representation.
We argue that it is superstring theory on the von Neumann lattice. We show that
our identication of its eective string scale is consistent with exact T-duality (Morita
equivalence) of NCYM.
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1 Introduction
In recent studies of nonperturbative aspects of superstring theory, type IIB superstring
is found to provide the simplest setting[1][2]. However it is dicult to obtain a realistic
unied theory in IIB superstring at least perturbatively. Therefore we may expect that
an entirely new type of nonperturbative compactication mechanism of IIB superstring
exits[3][4]. On the other hand, a new compactication mechanism which involves branes
has been proposed[5]. Since branes naturally appear in superstring theory[6], such a mech-
anism is expected to apply for IIB superstring theory.
Noncommutative Yang-Mills theory (NCYM) has been obtained by compactifying IIB
matrix model on noncommutative tori[7]. We can simply obtain ~d dimensional NCYM by
expanding IIB matrix model around ~d dimensional noncommuting backgrounds[8]. In IIB
matrix model, the dynamical variables are the Hermitian matrices which are interpreted as
the space-time coordinates. A ~d dimensional noncommuting background corresponds to a
~d dimensional noncommutative space-time. The simplest idea for compactication in IIB
matrix model is to postulate that the compactication down to ~d dimensions is realized by
expanding the model around ~d dimensional backgrounds.
In this paper we point out that Newton’s force law may be obtained with four dimensional
NCYM with maximal SUSY (NCYM4). Our argument is based on its dual supergravity
description[9][10]. We argue that there exists a massless bound state in the eective Hamil-
tonian of supergravity which gives rise to Newton’s force law a la Randall and Sundrum.
Therefore NCYM4 may be regarded as a four dimensional compactication of IIB super-
string. The remarkable feature is that it compacties ten dimensional superstring straight
down to four dimensions. The compactication of matrix models has been the outstanding
problem[11][12]. We argue that we can obtain four dimensional gauge theory and gravitation
with four dimensional noncommutative backgrounds in IIB matrix model. In this sense, we
have identied the most satisfactory compactication mechanism of matrix models.
In the large N expansion of gauge theory, Feynman diagrams can be classied with their
world sheet topology. This is a generic feature of matrix valued eld theory. On the other
hand, string theory is perturbatively dened in terms of eld theory on the world sheet.
String theory may be nonperturbatively formulated in the large N limit of matrix models
in view of these remarkable correspondences. IIB matrix model is such a proposal which is
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a large N reduced model of maximally supersymmetric gauge theory[1]:
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Here  is a ten dimensional Majorana-Weyl spinor eld, and A and  are NN Hermitian
matrices.
With vanishing fermionic backgrounds, the equations of motion are:
[A; [A; A ]] = 0: (1.2)
The following solutions correspond to BPS-saturated backgrounds:
[A; A ] = c− number  C : (1.3)
Since we interpret A as space-time coordinates due to N=2 SUSY, we expect to obtain ~d
dimensional space-time with ~d dimensional solutions of this type. We further expect to obtain
~d dimensional gauge theory. Since matrices form noncommutative but associative algebra,
we expect a deep connection to noncommutative geometry [13]. In fact we have obtained
NCYM of 16 supercharges with these backgrounds[8]. Ordinary gauge theory appears as the
low energy eective theory. Since short open strings correspond to gauge particles, we indeed
nd another evidence that IIB matrix model can describe innite numbers of fundamental
strings. We have further pointed out that NCYM contains nonlocal degrees of freedom which
may be interpreted as long open strings[14][15]. We have indeed shown that they give rise to
gravitational interactions at the one loop level as it is expected in superstring theory[8][15].
Since NCYM seems to contain the both gauge theory and gravitation, it is very likely
that it is equivalent to superstring theory in a particular background. The major issue here
is the renormalizability of NCYM [31][32]. We have shown that the high energy behavior of
NCYM is equivalent to large N gauge theory by using the bi-local eld representation[15].
Although it also exhibits long range interactions which we interpret as gravitation, it is very
likely that NCYM exits at least for ~d  4.
NCYM is often argued to be the low energy limit of string theory with constant b eld
[16][17][18] [19][20][21] . However long range interactions are found due to the presence of
long ‘open strings’ which might signal the presence of ‘closed strings’ [8][15][32][33][34][35].
These issues are currently under active investigations [41][42][43][44][45]. In this paper we
propose that NCYM is superstring theory on the von Neumann lattice whose eective string
scale 0eff is set by C .
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The organization of this paper is as follows. In section 2, we argue that Newton’s force
law is obtained with NCYM4. Since it is a nonperturbative problem, we study its dual
supergravity description. In section 3, we briefly summarize our formulation of NCYM
as twisted reduced models. In section 4, we estimate the string tension of NCYM using
the formalism of section 3. We nd that our estimate is consistent with string theoretic
expectations in section 2. In section 5, we investigate the graviton exchange process by the
one loop perturbation theory. We conclude in section 6 with discussions.
2 NCYM4 as a unied theory
In this section, we argue that NCYM4 contains four dimensional gauge theory and grav-
itation. It is clear that NCYM contains ordinary gauge theory since the noncommutative
phases become ineective at tree level in the low energy limit. The remarkable possibility
is that it may also contain gravitation. We rst observe the long range interaction at the
one loop level which is specic in NCYM. It can be interpreted as gravitational interaction
in IIB superstring as it is explained in section 5. In string theory, closed string exchanges
should be visible at open string one loop level. Therefore this phenomenon is another stringy
feature of NCYM. Although we can see the glimpse of closed strings at the one loop level, we
need to understand the quantum eects to all orders to investigate the gravitational sector
of NCYM4.
In order to study such a problem, we recall the supergravity solution of m coincident





























































Here g1 is the dilaton expectation value at r = 1. ~x denotes four dimensional space-time
coordinates in this section.
These background elds appear in the Euclidean IIB supergravity action:

























C4 ^H3 ^ F3; (2.2)
where
~F3 = F3 − C0 ^H3;
~F5 = F5 − 1
2
C2 ^H3 + 1
2
B2 ^ F3: (2.3)
We identify the r dependent metric g in eq.(2.1) as the four dimensional metric for
fundamental strings:











We postulate that D3-branes are located at the maximum of g , namely at the ‘boundary’
r = (g1m02)1=4. Since open strings live on the D3-branes, we identify the open string metric
G with g at the ‘boundary’ as
G  (1 + 02b2) 12  : (2.5)
Eq.(2.1) indicates that fundamental string metric grows at smaller r. This phenomenon
may be interpreted that closed strings become dynamical due to the quantum eects in
NCYM. The graviton exchanges we nd at the one loop level in section 5 support such an
interpretation. We consider the case that the noncommutativity scale lNC is much smaller
than the string scale ls. Let us focus on the physics at the noncommutativity scale by letting
0 ! 1 but keeping b; r  O(1). Although it might appear to be a strange limit, it is
equivalent to consider the standard 0  1=2; x  1=2~x; b  −1 limit. The remarkable
point is that open string metric is given by eq.(2.5) as 0b in this limit.
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where c = 1=b and nk denote the number operators of the oscillator modes. Here we nd
that the noncommutativity scale now acts as the eective string scale!
Supergravity description of U(m) NCYM4 may be obtained by considering large 
0 and















































Here we have also put b = 1 which implies that the noncommutativity scale lNC is O(1).
Since we are looking at the vicinity of the D3-branes in this limit, we expect to nd massless
open strings. However we also nd oscillator modes since the eective string scale is set by
lNC as in eq.(2.7).
We recall that there is a crossover at the noncommutativity scale lNC in NCYM. When we
consider the Wilson loops, we nd that the planar diagrams dominate at larger momentum
scale than 1=lNC and the diagrams of all topology contribute in the opposite limit[25]. It
may be interpreted that the string coupling (dilaton expectation value) is scale dependent.
It is because in our IIB matrix model conjecture, the tree level string theory is considered to
be obtained by summing planar diagrams and string perturbation theory is identied with
the topological expansion of the matrix model. With this interpretation, the string coupling
grows as the relevant momentum scale is decreased while it vanishes in the opposite limit.
In the D brane interpretation, the small momentum region corresponds to the vicinity of the
brane, while the large momentum region corresponds to the region far from the brane since
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the Higgs expectation value plays the same role with the momentum scale. In this sense e
in eq.(2.8) behaves just like the NCYM4 [14][32].
The small r behavior of eq.(2.8) is identical with ordinary AdS/CFT correspondence if
we identify  as the coupling of ordinary Yang-Mills theory[2]. This result is reasonable
since the low energy limit of NCYM4 contains ordinary gauge theory with precisely the
same relation between the coupling constants. It is because in string theory the coupling of
NCYM4 is given by  = g10b2 when 0 is large.
We may now resort to the standard argument to justify the supergravity description as
follows. Since m sets the radius of ‘AdS5’ and S5, supergravity description is valid in the
strong ’t Hooft coupling limit of NCYM4. The mass scale for the Kaluza-Klein modes can
be estimated to be of order 1=(m)1=4lNC . We need to consider large m limit also in order
to keep the dilaton expectation value to be small. As we have argued, the mass scale of the
oscillator modes is set by the eective string scale as 1=lNC .
In order to investigate the gravitational interaction, we introduce external energy mo-
mentum tensor T . As an explicit example, we may consider the photon-photon scattering
on the ‘brane’ as in section 5. Having such a case in mind, we assume that the indices of
the nonvanishing components of T run over four dimensional space-time coordinates. We
also assume that it is traceless in the four dimensional subspace. There is an ambiguity
concerning its dilaton dependence. It may be natural to assume that it contains the factor
e− from string theory point of view. However such an ambiguity does not change the main
conclusions in this section.















A()  1=2; ! 1: (2.11)
It has the unique maximum at  = 0 (r = (m)1=4). It is illustrated in Figure 1. Our
strategy is to expand the metric and equations of motion around the classical solution to the
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Figure 1: Conformal factor A() is plotted as a function of . m is set to 1.
in [22]. 5 We parametrize the metric as g(e
h) where g is the background metric and
h = 0 (traceless). The tensor indices are raised and lowered by the background metric.
This formalism explicitly separates h from the conformal mode of the metric.
The equation of the motion with respect to h is
R + 2rr− 1
2
H3H3 +    = 2T  ; (2.12)
where  = g1e. We have suppressed the contributions from the R-R sector. The advantage
to consider the four dimensional traceless energy momentum tensor T  is that all other
equations of motion are satised to the rst order of h . In this sense it minimally excites
gravitons.











−h ; @− 1
2
HH
h +   
= −2T  : (2.13)
5We use the sign conventions for the curvature tensors of Misner, Thorn and Wheeler in this paper while
those of 't Hooft and Veltman[23] have been used in [22]. Although the signs of the Riemann tensor are the
same, those of the Ricci tensor and scalar curvature are the opposite in these conventions.
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In the coordinate system of eq.(2.9), it is consistent to assume that the tensor indices of the
nonvanishing h resides in the four dimensional space-time since the tensor indices of T


are also four dimensional. It is also consistent to assume that h = 0 since T

 = 0. We
also adopt the hγ ;γ = 0 gauge.











!h0γ +   
= −T  : (2.14)




rrh0 = −T : (2.15)
We subsequently discuss the eects of the Riemann curvature and other backgrounds in
eq.(2.14). Eq.(2.15) can be rewritten as:
Hh0 = 2AT  ;





















where A0 = @A=@. The symbols ~r2 and L^2 denote the Laplacians on R4 and S5 respectively.
























We concentrate on the S wave on S5 in what follows. The eigenfunction of ~H is found to
be exp(i~k~x)l with the eigenvalue (m)−12 (~k2+El). Note thatEl acts as the four dimensional














) ~ = E ~: (2.19)
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Since the relevant Hamiltonian can be embedded in Q2, we only need to solve Q~ = 0 to









We conclude that there is a single zero energy bound state with the conformal factor A of




Such a zero mode corresponds to a massless eld in four dimensions.




< xjn > 1
En
< njy >; (2.23)
where jn > is the eigenstate of ~H with the eigenvalue En. We may adopt the vacuum
saturation type approximation by only considering < xjn >= exp(i~k~x) ~0 as the intermediate
states. In this way we obtain the propagator of massless elds in four dimensions:
G(x; y) 
Z






































(~x− ~y)2 : (2.25)
We have introduced the four dimensional energy momentum tensor







The interaction between them is of the four dimensional graviton exchange type with the
gravitational coupling ~ = (0).
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Here we remark on the Hermiticity of the Hamiltonians in eqs. (2.17) and (2.19). The























































where  = A−3=4 ~. Therefore our Hamiltonian is positive denite with respect to the natural
norm dened by the string frame metric g . In this sense our important physical input is
our identication of the physical metric with string frame metric g .
We still need to consider the eect of the Riemann curvature and other backgrounds
in eq.(2.14). We have interpreted the fth coordinate r as the energy scale of the relevant
process. Since we are interested in the low energy limit, let us examine the magnitude of
the curvature terms for small r. The dominant terms are


















 −  γ): (2.29)
The Laplacian rr in eq.(2.14) is O(
p
mk2=r2). Since r2  k2, we conclude that the
curvature terms do not make gravitons massive although they may aect the gravitational
coupling. From these considerations, we may conclude that low energy gravitons propagate
eectively in four dimensional space-time.
Therefore we argue that we can obtain four dimensional gravity with NCYM4 a la
Randall-Sundrum[5]. Since not only the metric but also the dilaton expectation value (string
coupling) rapidly decay in the large r region, we expect that there is essentially nothing
outside the noncommutativity scale transverse to the ‘brane’. In fact we have postulated
this kind of ‘compactication’ mechanism in the matrix models[3][4]. We have expected that
four dimensional gravitation is obtained if the eigenvalue distribution of the matrices are four
dimensional. It is because the matrices represent space-time coordinates in our proposal. In
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our interpretation, there is simply nothing outside the support of the eigenvalue distributions,
not even space-time.
We observe that this Euclidean solution can be analytically continued into Minkowski
space-time only in the small r region. One possible interpretation of such a solution is to
maintain that Minkowski space-time appears from NCYM4 as its low energy approximation.
We may identify the noncommutativity scale with Planck scale if we apply this model to
our space-time. Although the Lorentz invariance is broken at the noncommutativity scale
in this model, such a possibility is not excluded by the experiments. Therefore NCYM4 is
a candidate of the unied theory of interactions. We explain in the subsequent sections that
IIB matrix model naturally provides us with such a theory. We still need to solve many
problems such as breaking SUSY and nding chiral fermions to construct a realistic unied
theory. We hope that these problems can be solved by further investigations in IIB matrix
model.
3 Noncommutative eld theories as twisted reduced
models
In this section we briefly recapitulate our formulation of NCYM through large N reduced
models. We have pointed out that well-known twisted reduced models[24][25] 6 are equivalent
to NCYM. This connection is further studied in[29][30][39]. We consider d dimensional U(n)









[D; D ][D; D] +
1
2
 Γ[D;  ]); (3.1)
where  is a Majorana spinor eld. The corresponding reduced model is





[A; A ][A; A ] +
1
2
 Γ[A;  ]): (3.2)
Now A and  are n  n Hermitian matrices and each component of  is d-dimensional
Majorana-spinor.
We expand A = p^ + a^ around the following classical solution
[p^; p^ ] = iB ; (3.3)
where B are c-numbers. We assume the rank of B to be ~d and dene its inverse C
 in
~d dimensional subspace. The directions orthogonal to the subspace is called the transverse
6The relevance of reduced models and string theory was rst recognized in[27][28].
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directions. p^ satisfy the canonical commutation relations and they span the ~d dimensional














where exp(iCkp^) is the eigenstate of adjoint P = [p^; ] with the eigenvalue k. The
Hermiticity requires that ~a(k) = ~a(−k) and ~ (k) = ~ (−k).
We can construct a map from a matrix to a function as
a^! a(x) = X
k
~a(k)exp(ik  x); (3.5)
where k  x = kx. By this construction, we obtain the ? product
a^b^ ! a(x) ? b(x);





)a(x+ )b(x+ )j==0: (3.6)













The twisted reduced model can be shown to be equivalent to NCYM by the the following
map from matrices onto functions
a^ ! a(x);












The following commutator is mapped to the covariant derivative:
[p^ + a^; o^] ! 1
i
@o(x) + a(x) ? o(x)− o(x) ? a(x)  [D; o(x)]; (3.9)
We may interpret the newly emerged coordinate space as the semiclassical limit of x^ =
C p^ . Therefore we can interpret A as momenta as well in IIB matrix model with non-
commutative backgrounds since x^ and p^ are linearly related. It is the reflection of the
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remarkable T-duality property of the theory. The space-time translation is realized by the
following unitary operator:
exp(ip^  d)x^exp(−ip^  d) = x^ + d: (3.10)
Applying the rule eq.(3.8), the bosonic action becomes
− 1
4g2
























[D; ' ][D; ' ] +
1
4
[' ; '][' ; '])?: (3.11)
In this expression, the indices ;  run over ~d dimensional world volume directions and ; 
over the transverse directions. We have replaced a ! ' in the transverse directions. Inside
( )?, the products should be understood as ? products and hence commutators do not vanish.
The fermionic action becomes
1
g2














(  Γ[D;  ] +  Γ [' ;  ])?: (3.12)
We therefore nd noncommutative U(1) gauge theory. In order to obtain NCYM with U(m)
gauge group, we need to consider new classical solutions which are obtained by replacing
each element of p^ by the mm unit matrix:
p^ ! p^ ⊗ 1m: (3.13)
The Hermitian models are invariant under the unitary transformation: A ! UAU y;  !
U U y. As we shall see, the gauge symmetry can be embedded in the U(N) symmetry. We




~(k)exp(ik  x^): (3.14)
Under the innitesimal gauge transformation, we nd the fluctuations around the xed
background transform as
a^ ! a^ + i[p^; ^]− i[a^; ^];
 ^ !  ^ − i[ ^; ^]: (3.15)
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We can map these transformations onto the gauge transformation in NCYM by our rule
eq.(3.8):
a(x) ! a(x) + @
@x
(x)− ia(x) ? (x) + i(x) ? a(x);
'(x) ! '(x)− i'(x) ? (x) + i(x) ? '(x);
 (x) !  (x)− i (x) ? (x) + i(x) ?  (x): (3.16)
We have introduced another representation of matrices[15]. For simplicity we consider
the two dimensional case rst:
[x^; y^] = −iC: (3.17)
This commutation relation is realized by the guiding center coordinates of the two dimen-
sional system of electrons in magnetic eld. We recall that we have n quanta with n dimen-
sional matrices. Each quantum occupies the space-time volume of 2C. We may consider
a square von Neumann lattice with the lattice spacing lNC where l
2
NC = 2C. This spacing
lNC gives the noncommutative scale. Let us denote the most localized state centered at the
origin by j0i. It is annihilated by the operator x^− = x^ − iy^. We construct states localized
around each lattice site by utilizing translation operators jxii = exp(−ixi  p^)j0i. They are
the coherent states on a von Neumann lattice xi = lNC(nie
x + mie
y) where n;m 2 Z: The
generalizations to arbitrary even ~d dimensions are straightforward.
We evaluate the following matrix elements










Although jxii are non-orthogonal, hxijxji exponentially vanishes when (xi − xj)2 gets large.
We also nd










(xi − xj − d)2
4C
); (3.19)
where d = Ck . This matrix element sharply peaks at xi − xj = d. It supports our
interpretation that the eigenstate exp(ik  x^) with jkj > 2=lNC can be interpreted as string
like extended objects whose length is jCk j. When jkj < 2=lNC, on the other hand, this
matrix becomes close to diagonal whose matrix elements go like
hxijexp(ik  x^)jxji  exp(ik  xi)hxijxji: (3.20)
It again supports our interpretation that exp(ik  x^) correspond to the ordinary plane waves
when jkj < 2=lNC. They are represented by the matrices which are close to diagonal.
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lSmall momentum local mode






Figure 2: Noncommutative elds are represented as bi-local elds on the von Neumann lattice
with the lattice spacing lNC . Small momentum modes (jkj < 2=lNC) represent ordinary
(commutative) elds. Large momentum modes (jkj > 2=lNC) represent bi-local ‘open
strings’ which are highly nonlocal. Only a fraction of the full momentum (jkcj < 2=lNC)
can be interpreted as the momentum associated with the center of mass motion of an ‘open
string’ on the von Neumann lattice. In the gure, d = Ckc .






where the Hermiticity of ^ implies (xj; xi) = (xi; xj). The matrices ^ represent a^ or  ^
in the super Yang-Mills case but the setting here is more generally applied to an arbitrary
noncommutative eld theory. The bi-local basis spans the whole n2 degrees of freedom of
matrices.

































where xc = (xi +xj)=2 and xr = xi−xj . From eq.(3.22), we observe that the slowly varying
eld with the momentum smaller than 2=lNC consists of the almost diagonal components.
Hence close to diagonal components of the bi-local eld are identied with the ordinary
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slowly varying eld (xc). On the other hand, rapidly oscillating elds are mapped to the
o-diagonal open string states. A large momentum in the -th direction jkj > 2=lNC
corresponds to a large distance in the -th direction jdj = jCk j > lNC .
We can decompose d as d = d0 +d where d0 is a vector which connects two points on the
von Neumann lattice and jdj < lNC . This decomposition is illustrated in Figure 2. Then
the summation over xr in (3.22) is dominated at xr = d0. In this way the large momentum
degrees of freedom are more naturally interpreted as extended open string-like elds. They
are denoted by ‘open strings’ in this paper. In this representation, we make contact with
the quenched reduced models [24] in the large momentum region.
Here we remark the important property concerning the infra-red and ultra-violet cut-
os of NCYM constructed with n dimensional matrices. Since the unit lattice size of the
von Neumann lattice is lNC , the total lattice size is lNCn
1= ~d. It implies that the maximum
momentum is 2n1=
~d=lNC by using the relation p^ = B x^
 . It in turn implies that the
minimum momentum of the system is 2=n1=
~dlNC since we have n
2 momentum modes. The
matrix model construction of NCYM implies very natural infra-red and ultra-violet cut-os
which disappear in the large n limit.
4 Estimations of the string scale
In this section, we estimate the string scale 0eff in IIB matrix model with noncommuta-
tive backgrounds. We have explained that the von Neumann lattice naturally appears in the
preceding section. We argue that NCYM is superstring theory on the von Neumann lattice.
We rst give the arguments based on the tree level propagators. We then explain that our
claim is supported by T-duality arguments. We give another evidence for it by investigating
graviton exchange processes in the next section.
As we have shown in the preceding section, the momentum which can be associated with
the center of mass motion of an ‘open string’ is not full k but rather k
c
 = Bd
 . There we
have decomposed d = Ck as d = d0 + d where d0 is a vector which connects two points







(xc; d)exp(−ikc  xc): (4.1)
It is because
exp(−iBd0xc ) = 1: (4.2)
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We interpret ~(kc; d) as the creation-annihilation operator for the open string with momen-
tum kc and length d.
We consider the following tree level propagator:
X
k0
< ~(−k) ~(k) > exp(ik0)  exp(−m) (4.3)
where k0 and ~k denote time-like and spatial momenta respectively in this section. The mass
term is conventionally identied with the zero spacial momentum limit of the correlator
eq.(4.3). In order to relate it to the mass of an ‘open string’, we consider a state with k1 <
2=lNC < k2; k3. Such a state is extended in (x





As we have argued, the momentum which can be associated with the center of mass motion
of an ‘open string’ is not full ~k but rather ~kc. We nd m  Bl from the zero momentum
limit (~kc ! 0) of the correlator eq.(4.3). From these considerations, we propose to identify
the mass of the state with the length l >> lNC as Bl. We recall that an open string with the
length l has the mass of l=20. Therefore we nd 20eff = C with such an identication.
We remark that our estimate is consistent with the string theory arguments. From
eq.(2.7), we have indeed found that the 0eff  c in section 2. A hint for such an identication
has been found in a nite temperature investigation in [34]. Our estimate is also consistent
with the space-time uncertainty principle of Yoneya[36].
It is certainly true that we obtain NCYM in the low energy limit of string theory with
b backgrounds. In such a limit, we retain only those degrees of freedom whose masses
are smaller than the string scale. However in IIB matrix model with noncommutative back-
grounds, we also nd very high energy modes which may be interpreted as long ‘open strings’
due to the relation x^ = C p^ . As can be seen in eq.(2.7) they are as massive as oscillator
modes if their lengths exceed lNC . We therefore emphasize here that our formulation is not
a low energy limit of string theory. The graviton exchanges are observed only because we
have very long ‘open strings’ in the matrix model. To put it dierently, infrared singular
behaviors are observed in noncommutative eld theory only if we consider the ultra-violet
cut-o which is much larger than the noncommutativity scale. It is the reason why closed
strings do not decouple in such a formulation.
In our picture, we interpret the bi-local elds as the zero modes of open strings. We
classify the zero modes as ‘momentum modes’ and ‘winding modes’ as follows. We recall
the von Neumann lattice jxi > which is constructed by the generators of the translation






In this T-dual picture, the von Neumann lattice can be identied with the lattice spanned
by the winding modes. We thus classify those modes as ‘winding modes’. We have explained
that kc can be interpreted as momentum modes which can be associated with the center
of mass motion of ‘open strings’ on the von Neumann lattice. We thus classify them as
‘momentum modes’.
In string theory, the introduction of constant b background is known to interpolate
the Neumann and Dirichlet boundary conditions. In the large and small b limit, we
nd Dirichlet and Neumann boundary conditions respectively. We nd only ‘winding’ and
‘momentum’ modes in these limits. If we expand IIB matrix model around the commutative
backgrounds, we only nd ‘winding’ modes. In string theory we also nd only ‘winding’
modes if we consider strings which connect D instantons. The advantage of noncommutative
backgrounds is that we nd the both ‘momentum’ and ‘winding’ modes.
Since we have found the both ‘momentum’ and ‘winding’ modes, it is no surprise that the
theory possesses T duality. The remarkable property of NCYM is the existence of Morita
equivalent pairs [37][21][38]. We propose that two Morita equivalent theories can be related
by the exchange of the ‘momentum’ and ‘winding’ modes.
We have argued that the ‘winding’ modes of NCYM span the von Neumann lattice
whose lattice unit size is lNC . The total lattice size is lNCn
1= ~d. We may reinterpret it as
the maximum momentum 2n1=
~d=lNC of the dual lattice. The dual lattice possesses the unit
lattice size of lNC=n
1= ~d. We consider a twisted large N reduced model on such a lattice.
In this way we nd a pair of theories with the compactication radii R = lNCn
1= ~d=2
and R0 = lNC=n1=
~d2. They are related by the duality transformation R0 = 0eff=R with
20eff = C. Next we recall that the ‘momentum’ modes of NCYM are quantized in the unit
of lNC=n
1= ~dC. We can naturally reinterpret them as the ‘winding’ modes of the dual lattice.
These winding modes can be obtained by introducing the unit magnetic flux in U(n) gauge
theory by imposing twisted boundary conditions. In this sense NCYM and twisted reduced
models are Morita equivalent [39].
We remark that the T-duality transformation we have discussed is expressed by the
following open string metric transformation in string theory[21]
G ! G(T ) (4.5)
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where  = C=(2R2)  1=n2= ~d. Our interpretation is that the two metrics which are
related by the T-duality transformation in eq.(4.5) describe two tori we have just constructed.
We conclude that our estimate of the inverse string tension 20eff = C is also supported
by the T-duality arguments. We argue that this is the exact result since it is obtained from
the exact T duality property of the theory.
5 Graviton exchange processes
In this section, we study gravitational interactions in IIB matrix model with noncommuta-
tive backgrounds. To be specic, we consider photon-photon scattering via exchange of a
graviton. This process can be studied by considering block-block interactions. Namely we
consider the backgrounds of the following type:
A =
 
p + a 0





where a and a
0
 denote the backgrounds which represent two colliding photons.




T r log(P 2 − 2iF)−
1
4







))− T r log(P 2 ): (5.2)
Here P and F are operators acting on the space of matrices as
PX = [p; X];
FX = [f ; X] ; (5.3)
where f = i[p; p ]. Now we expand the general expression of the one-loop eective action
(5.2) with respect to the inverse powers of the relative distance between the two blocks. We
quote the general expression in what follows[1]:




































































Since P and F act on the (i; j) blocks independently, the one-loop eective action W is
expressed as the sum of contributions of the (i; j) blocks W (i;j). Therefore we may consider
W (i;j) as the interaction between the i-th and j-th blocks.
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Using (5.4) we can easily evaluate W (i;j) to the leading order of 1=
q














(−nj~b8(f (i))− ni~b8(f (j))











So the photon-photon scattering amplitude which corresponds to nonplanar diagrams in
noncommutative gauge theory is
3
2r8


















f−8tr(f(x)f(x))tr(f(y)f(y)) + tr(f(x)f(x))tr(f(y)f (y))g; (5.7)
where we have used our mapping rule eq. (3.8).
We consider the scattering of two incident photons with the wave functions
e(p)exp(ip  x); e(q)exp(iq  x); (5.8)
where p2 = q2 = 0 and p  e(p) = q  e(q) = 0. In this case
f(p) = pe(p) − pe(p);
f(p)f
(−q) = −pq  e(p)e(−q) − qp  e(−q)e(p)
+pqe(p)  e(−q) + e(p)e(−q)p  q: (5.9)
If we consider the forward scattering limit k = p− q ! 0:
f(p)f
(−q) ! pp ; (5.10)

















This expression reminds us the one photon exchange amplitude between two conserved















(x− y)2 − i
~j(y): (5.12)
We decompose currents into positive and negative frequency parts
j(x) = j
+










d!exp(i!x0)j− (!; ~x): (5.13)


















0 − j~x− ~yj; ~x) 1j~x− ~yj
~j−(y0; ~y): (5.14)
In this way we nd retarded Lienard-Wiechert type interactions. The point we would like to
make here is that covariance implies causality. Since ten dimensional covariance is manifest in
IIB matrix model, it naturally leads to ten dimensional causality in Minkowski space-time.
On the other hand, ensuring ten dimensional causality is highly nontrivial in AdS/CFT
correspondence[40].



































































The gravitational coupling  is found to be
2 = 165g4: (5.20)
We also read o the ~d dimensional Yang-Mills coupling from eq.(5.15) as
g2Y M = C
( ~d−8)=2g2(2)
~d=2: (5.21)





04; g2Y M = (2)
~d−3gs0(
~d−4)=2: (5.22)
Eq.(5.22) agrees with eq.(5.20) and eq.(5.21) with our identication 20eff = C. We also






which is consistent with our previous estimate through D-strings[1]. What these investiga-
tions indicate is that NCYM is superstring theory with the above identied string scale and
string coupling. We have argued that it is superstring theory on the von Neumann lattice.
Since the lattice spacing lNC is not visible in the low energy limit, it may be expected that
it behaves like ordinary superstring theory in the low energy limit.
We nd that the gravitational interaction eq.(5.17) exhibits the identical power law be-
havior 1=(x − y)8 irrespective of the dimensionality of the backgrounds ~d. It appears as if
these background represent D-branes in flat ten dimensional space-time. However we argue
that such an interpretation is premature since we have only considered the one loop eect
here. We argue that a more reliable picture is obtained through supergravity approach which
allows us to investigate nonperturbative eects.
As it is explained in section 2, we nd Newton’s force law with these backgrounds. This is
due to the existence of a massless bound state a la Randall and Sundrum. Such an eect is not
visible in the perturbative calculations in this section. Therefore the supurgravity description
of NCYM4 suggests a nonperturbative compactication mechanism in IIB superstring and
matrix model.
In the matrix model construction, the longitudinal size of the system is bounded by
lNCn
1=4. It also implies that the transversal size r is bounded by lNCn
1=4 since it is identied
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with the maximum energy scale of the system (multiplied by l2NC). In eq.(2.8), the dilaton
expectation value is O(1) at the noncommutativity scale r2  1. We then nd g1 is O(1=n)
since the dilaton decays like 1=r4 beyond the noncommutativity scale. We have xed  =
g102b2 to be O(1) which implies that 0b 
p
n. We conclude that lNC  ls=n1=4 and r
never exceeds O(ls) where ls is the string scale. Therefore there is simply no region with
r > ls in the matrix model. We have taken the noncommutativity scale to be O(1) and
the cu-o scale of r becomes O(n1=4). The cut-o can be removed in the large n limit of
the matrix model construction. In this way we can realize the entire space-time which is
described by eq.(2.8).
6 Conclusions and Discussions
In this paper we have argued that we can obtain Newton’s force law with NCYM4. Since
it contains four dimensional gauge theory and gravitation, it is a candidate of the unied
theory. It can be regarded as a compactication of ten dimensional IIB superstring straight
down to four dimensions. It is naturally obtained in IIB matrix model with noncommutative
backgrounds. Therefore it provides a nonperturbative compactication mechanism of matrix
models.
We have further argued that NCYM with maximal SUSY is superstring theory on the von
Neumann lattice. We have argued that the both ‘momentum’ and ‘winding’ modes exists in
NCYM which is invariant under the T-duality (Morita equivalence). Our identication of
the eective string scale with the noncommutativity scale is consistent with exact T-duality.
Although we have identied the bi-local elds as zero modes of open strings, we have
not constructed oscillator modes. We expect to nd them in higher order diagrams. Let
us consider a propagator (ribbon diagram). We associate it with a bi-local eld since the
double lines of the ribbon are mapped to two distinct space-time points. We need to draw
many loops inside the ribbon at higher orders in perturbation theory. We can assign a space-
time point to each loop. Our conjecture is that such an object can be interpreted as the
propagator of oscillation modes. These arguments are illustrated in Figures 3 and 4.
As we have pointed out, NCYM is obtained with a particular classical background in
IIB matrix model. IIB matrix model is postulated as a nonperturbative formulation of
superstring theory. In our proposal, the matrices A are to be interpreted as space-time
coordinates. If so, ~d dimensional distributions of eigenvalues of matrices represent ~d di-
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Figure 3: Propagators of bi-local elds. The two end-points are mapped onto space-time
coordinates.
Figure 4: Higher order corrections to propagators of bi-local elds may render the bi-local
elds stringy.
mensional space-time. It is then expected that we nd ~d dimensional gauge theory and
gravitation with such a background. In this paper we have argued that it is indeed the case
with maximally supersymmetric backgrounds. From the ndings in this paper, we draw the
conclusion that NCYM provides a strong support for our basic premises of our IIB matrix
model conjecture.
Acknowledgments
This work is supported in part by the Grant-in-Aid for Scientic Research from the Ministry
of Education, Science and Culture of Japan.
24
References
[1] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A Large-N Reduced Model as
Superstring, Nucl. Phys. B498 (1997) 467; hep-th/9612115.
[2] J. Maldacena, Adv. Theo. Math. Phys. 2 (1998), 231;hep-th/9711200
S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Phys.Lett. B428 (1998), 105;hep-
th/9802109.
E. Witten, Adv. Math. Phys. 2 (1998),253;hep-th/9802150.
[3] H. Aoki, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, Space-Time Structures from IIB
Matrix Model, Prog.Theor.Phys. 99 (1998)713; hep-th/9802085
[4] H. Aoki, S. Iso, H. Kawai, Y. Kitazawa, A. Tsuchiya and T. Tada, IIB Matrix Model
Prog. Theor. Phys. Suppl. 134 (1999) 47; hep-th/9908038.
[5] L. Randall and R. Sundrum, An Alternative to Compactication; hep-th/9906064.
[6] J. Polchinski, Phys. Rev. Lett. 75 (1995) 4724.
[7] A. Connes, M. Douglas and A. Schwarz, JHEP 9802: 003.1998; hep-th/9711162.
[8] H. Aoki, N. Ishibashi, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, Noncommutative
Yang-Mills in IIB matrix model, Nucl. Phys. 565 (2000) 176; hep-th/9908141.
[9] A. Hashimoto and N. Itzhaki, Noncommutative Yang-Mills and the AdS/CFT corre-
spondence; hep-th/9907166.
[10] J. Maldacena and J. G. Russo, Large N limit of noncommutative gauge theory; hep-
th/9908134.
[11] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, Phys. Rev. D55 (1997) 5112;
hep-th/9610043.
[12] W. Taylor, Phys.Lett. B394 (1997) 283, hepth/9611042.
[13] A. Connes, Comm. Math. Phys. 182 (1996) 155; hep-th/9603053.
[14] N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, Wilson loops in noncommutative Yang-
Mills; hep-th/9910004, to appear in NPB.
25
[15] S. Iso, H. Kawai and Y. Kitazawa, Bi-local Fields in Noncommutative Field Theory;
hep-th/0001027, to appear in NPB.
[16] Y. E. Cheung and M. Krogh, Nucl. Phys. B528 (1998) 185 [hep-th/9803031].
[17] F. Ardalan, H. Arfaei and M. M. Sheikh-Jabbari, JHEP 9902 (1999) 016 [hep-
th/9810072].
[18] C. Chu and P. Ho, Nucl. Phys. B550 (1999) 151 [hep-th/9812219];
[19] C. Chu and P. Ho, noncommutative D-brane," Nucl. Phys. B568 (2000) 447 [hep-
th/9906192].
[20] V. Schomerus, JHEP 9906 (1999) 030 [hep-th/9903205].
[21] N. Seiberg and E. Witten, String theory and noncommutative geometry; hep-th/9908142.
[22] H. Kawai, Y. Kitazawa and M. Ninomiya, Nucl PHys. B393 (1993) 280.
[23] G. ’t Hooft and M. Veltman, Ann. Inst. Henri Poincare 20 (1974) 69.
[24] T. Eguchi and H. Kawai, Phys. Rev. Lett. 48 (1982) 1063.
G. Parisi, Phys. Lett. 112B (1982) 463.
D. Gross and Y. Kitazawa, Nucl. Phys. B206 (1982) 440.
G. Bhanot, U. Heller and H. Neuberger, Phys. Lett. 113B (1982) 47.
S. Das and S. Wadia, Phys. Lett. 117B (1982) 228.
[25] A. Gonzalez-Arroyo and M. Okawa, Phys. Lett. B120 (1983) 174, Phys. Rev D27
(1983) 2397, see also [26].
[26] T. Eguchi and R. Nakayama, Phys.Lett. B126 (1983) 89
T. Filk, Phys. Lett. B376 (1996) 53
[27] D.B. Fairlie, P. Fletcher and C.Z. Zachos, J. Math. Phys. 31 (1990) 1088.
[28] I. Bars, Phys. Lett. 245B(1990)35.
[29] J. Ambjorn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Finite N matrix models of
noncommutative gauge theory; hep-th/9911041.
26
[30] I. Bars and D. Minic, Noncommutative geometry on discrete periodic lattice and gauge
theory; hep-th/9910091
[31] I. Chepelev and R. Roiban Renormalization of quantum eld theories on noncommuta-
tive Rd, I. Scalars; hep-th/9911098
[32] S. Minwalla, M.V. Raamsdonk and N. Seiberg, Noncommutative Perturbative Dynamics;
hep-th/9912072
[33] M. Hayakawa, Perturbative analysis on infrared aspects of noncommutative QED on
R4; hep-th/9912094, Perturbative analysis on infrared and ultraviolet aspects of non-
commutative QED on R4; hep-th/9912167
[34] W. Fischler, E. Gorbatov, A. Kashani-Poor, S. Paban, P. Pouliot and J. Gomis, Evidence
for winding states in noncommutative quantum eld theory; hep-th/0002067.
[35] M.V. Raamsdonk and N. Seiberg, Comments on Noncommutative Perturbative Dynam-
ics; hep-th/0002186
[36] T. Yoneya, Prog. Theor. Phys. 97 (1997) , 949; hep-th/9703078.
[37] B. Pioline and A. Schwarz, Morita equivalence and T duality; hep-th/9908019.
[38] A. Hashimoto and N. Itzhaki, On the hierarchy between non-commutative and ordinary
supersymmetric Yang-Mills, hep-th/9911057.
[39] J. Ambjorn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Nonperturbative Dynamics
of Noncommutative Gauge Theory; hep-th/0002158.
[40] D. Bak and S.J. Rey, Holographic View of Causality and Locality via Branes in
AdS/CFT Correspondence; hep-th/9902101.
[41] O. Andreev and H. Dorn, Diagrams of noncommutative phi-three theory from string
theory; hep-th/0003113
[42] Y. Kiem and S. Lee, UV/IR mixing in noncommutative eld theory via open string
loops; hep-th/0003145
[43] A. Bilal, C.S. Chu and R. Russo, String theory and noncommutative eld theores at one
loop; hep-th/0003180
27
[44] J. Gomis, M. Kleban, T. Mehen, M.Rangamani and S. Shenker, Noncommutative gauge
dynamics from string worldsheet; hep-th/0003215
[45] H. Liu and J. Michelson, Stretched strings in noncummutative eld theory; hep-
th/0004013
28
